We present a practical solution to the "sign problem" in the auxiliary field Monte Carlo approach to the nuclear shell model. The method is based on extrapolation from a continuous family of problem-free Hamiltonians. To demonstrate the resultant ability to treat large shell-model problems, we present results for 54 Fe in the full f p-shell basis using the Brown-Richter interaction. We find the Gamow-Teller β + strength to be quenched by 58% relative to the single-particle estimate, in better agreement with experiment than previous estimates based on truncated bases.
Unfortunately, the applicability of shell model Monte Carlo calculations has heretofore been limited by the "sign problem" generic to all fermionic Monte Carlo techniques [1, 2, 4, 5] .
The sign of the integrand may vary from sample to sample and the net integral results from a delicate cancellation that is difficult to reproduce with a finite number of samples.
The problem is well-documented (and as yet unsolved) in simulations of correlated electron systems [4] . Except for an important, yet schematic, class of nuclear interactions [2] , we have found that all realistic nuclear shell model Hamiltonians suffer from a sign problem.
In this Letter, we report a practical solution to the sign problem and present the first realistic calculation of a mid-f p-shell nucleus, 54 Fe [6] . Our method is based on an extrapolation of observables calculated for a "nearby" family of Hamiltonians whose integrands have a positive sign. Success depends crucially upon the degree of extrapolation required.
We have found that, for all of the many realistic interactions tested in the sd-and f p-shells, the extrapolation required is modest, amounting to a factor-of-two variation in the isovector monopole pairing strength.
A general time-reversal invariant Hamiltonian with two-body interactions can be brought to the form
where the O α are a convenient set of one-body operators andŌ denotes the time-reverse of
(1) is a manifestly time-reversal invariant. The auxiliary field Monte
Carlo approach utilizes the HS representation of the imaginary-time many-body propagator U = exp(−βH) as a path integral over one-body propagators in fluctuating auxiliary fields.
Upon introducing N t time slices of duration ∆β = β/N t and complex c-number auxiliary fields σ αn (n = 1, . . . , N t ), we can write the canonical expectation value of an observable O
Here, the approximation becomes exact as
, where ζ(σ) ≡ Tr U σ is the canonical partition function of the one-body evolution operator U σ ≡ U Nt . . . U 1 , where U n = exp(−∆βh n ), and the one-body Hamiltonian for the n th time slice is
. Both ζ(σ) and O σ can be evaluated in terms of the N s ×N s matrix U σ that represents the evolution operator U σ in the single-particle space.
The sign problem arises because the one-body partition function ζ(σ) is not necessarily positive, so that the Monte Carlo uncertainty in the denominator of Eq. (2) (the W -weighted average sign, Φ ) can become comparable to or larger than Φ itself. In most cases Φ decreases exponentially with β or with the number of time slices [5] .
An important class of interactions free from the sign problem (i.e., Φ(σ) ≡ 1) was found in Ref. [2] . This occurs when V α < 0 for all α in Eq. (1) . In that case, s α = 1 for all α, so that both h n and U σ are time-reversal invariant. The eigenvectors of U σ then occur as time-reversed pairs with complex conjugate eigenvalues λ i , λ * i (i = 1, . . . , N s /2), the grand canonical partition function ζ(σ) = Π i |1+λ i | 2 is positive definite, and the canonical partition function for even N v is also positive definite.
Based on the above observation, it is possible to decompose H into its "good" and "bad"
The "good" Hamiltonian H G includes, in addition to the one-body terms, all the two-body interactions with V α < 0, while the "bad" Hamiltonian H B contains all interactions with V α > 0. By construction, calculations with H G alone have Φ(σ) ≡ 1 and are thus free of the sign problem.
We define a family of Hamiltonians H g that depend on a continuous real parameter g as then to extrapolate to g = 1, but typically Φ collapses even for small positive g. However,
it is evident from our construction that H g is characterized by Φ(σ) ≡ 1 for any g ≤ 0, since all the "bad" V α (> 0) are replaced by "good" gV α < 0. We can therefore calculate O g for any g ≤ 0 by a Monte Carlo sampling that is free of the sign problem. If O g is a smooth function of g, it should then be possible to extrapolate to g = 1 (i.e., to the original Hamiltonian) from g ≤ 0. We emphasize that g = 0 is not expected to be a singular point of O g ; it is special only in the Monte Carlo evaluation.
In the nuclear shell model, the two-body interaction can be written in a density decom-
Here Our overall method was checked in detail [11] by comparison with direct diagonalization in the sd-shell using the Brown-Wildenthal interaction [12] and in the lower f p-shell ( 44 Ti)
using the Brown-Richter interaction [9] . this transition has all of the strength) is (96 ± 1) e 2 fm 4 , while effective charges (e p , e n ) = (1.1, 0.1)e would be required to reproduce the experimental value of 126 e 2 fm 4 . These charges are significantly smaller than the (1.35, 0.35)e used in truncated calculations [13] or the (1.33, 0.64)e used in the lower f p shell [9] . The total mass quadrupole strength, Of particular physical interest are the Gamow-Teller operators. Our calculations exactly satisfy the sum rule (GT − )(GT + ) 2 corresponding to the f 7/2 proton → f 5/2 neutron transition is 10.28 [14] , so the shell model Monte Carlo value of 4.32 ± 0.24 is quenched by 58%. This value is comparable to the experimental result of 3.1 ± 0.6 [15] , but significantly smaller than previous estimates of 6.40 or 6.70 based on truncated bases [13] . The additional quenching on the full space correlates with the enhanced B(E2, 2
, (i.e., smaller effective charge), as was surmised in [13] . The extrapolation is linear for M 1 2 , but quadratic for Q 2 , Q 2 v , and GT 
